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Cl’laln‘ 3 TLL Ceh{m_Q it ‘tLeorem'

The Ceh)craﬂ Limit theorem (CLT) IS Ohe 05»‘ the 3mc#st result of
Ma{l.ebm‘l'fcs_

LN Weo.lq CDVIUQWJQVILQ_‘

Let Pqu(IR) deno{'z the spac °<S- Bore‘. I)Tob MmeajsulRs on R OJ\A
Cb ([R) -Fov ‘tkﬁ. Sraw. °§' bo tndsd Covrljumwu.s -FLMC{'IOHS On R

Def.  Let Mn € Prob(R), M3, ard € Prob (R),
Sy +that Hh Conuell\gqs wea.ti!) to H 4?

f%ap — fhau or all e C(R)
and then wrte

|J-n—"’-l‘[.

Notice #hat the e]emenfs o_{L Pmb(lR) eavresl;oncl to duihibution '?unc‘hbhg
Vi
poF, e Fors (o sl

This will be ?V‘DUeA i Thm 3.3,

D_e_f, Weuh conUevSenu 6F dis‘l;»l‘ow[;ném {:L)LM«JC“O'\S I's c[efahed 0s F:“ows:
=4 F f? and onh I\? ,J.,,Lfl-



We are zenemllj interested th the care when F,, = FX'-, that is
when FV‘ 13 the dl\stﬁkw‘h&m ?uho\‘w‘m og X'\.

Def. Lot Xo, mai, ad X o W0k on H sometriple (2, P).
Wite  Xa = % i€ Fr. % Py
ETw‘aualen{]
%X 1 E R - ERK Froall Re CyR).

Remork : o Xn—=X as. = X 55X (by PeT).
@ Xp— X fmloab.‘t.‘f] S XXX
@) X, % X ?é} Xo = X i Pmbmb.‘u\y .

Remark : F = F does net wm Ply that a0 > Feo ‘Pav all X €[R;

See Exn.m‘)ln. 3.1.

ExMFlc 3.| let Fn be the wnit mass ot —,‘r , =l

ond '.A be the Whit mass ot o .
Then -\Qw eah He C,(R)
prm (F) — he= 5hdt4-
Henw Ma Y

However, Fh‘l))z Mn (—oo,o] =o , but F(o): p(—oolo]:l,
Hos  Fa(o) & F(o).



ProF‘ 32, Let (Fu) be @ Se‘l““"! °_<F di¥tibution ‘ﬁl\(}l't}ms (DF;) on R)
and (et F be o DF on R Then

Fo =5 F P ond only if
L

‘Pov every non-otom (tl\a‘r &, e,Uerj cbv\‘HnU/Hj P*) X °§ F

PF ﬂOn\\j LF ’ Pavt. guf)f)ose that F.,. 5 F )

let xeR ond §>0.  Defiia he G(R) by

h(s) = {1 if Y
- £(4-x)  I§  x<Y<xt§
o i Y > xt§
'ﬂ(s)r
___rj
”“ )21-6 : 13_

Then Fa(x) = ph(-oo, x] < \( h ddn — Shdl‘I
< H("w/“ﬂ

= F('x+8).

Hens ly::n“o Fao s F(x+8).

LeHm\a S{o and wsul& the H%L\t Cow{:.‘nwl’rj of [:/ we obtain



h_; F,‘(x) < F('x).

hyve
Semilarly | working with Y > B(sts), st h*(n)z}\(vm),

'7‘30 facn 2 ';_'*_;*wfh*d}‘n = fﬁ"dv
> F(x—s)

LeHu\\g Sdo %“ues
%".—’3 E‘(“ = F(X~).

This proves the * Onb i Pw’[.

Ttu. "i{-’”‘)av’c oj: the onPosrh‘m (5 Basec' on the {?ollowtv\‘g

reFMen{whén Y‘QSUHJ.

Tt\m 33 ( Skorek hod Y‘er\reseh{otBn)
Sippose thot (F,) s @ s 2§ DFs on R ond [ o DF R

Such that
[1mn F“(x) = F(X) at eVeVy cty pt x OJC F.

v

ﬂuh J a Prob. S[)ace (_D.)”})P) wL&J\ Cavines
o SeTwwu. of rv’s X, and o rv. X subh that

thFXn, F=Fx an



Xoe = X as.

PF Danie (—O-, T P) = ( Co13, S(Co,l]) ’ deb ).-

Set
Xw) = [n?i z: F@® >W}

X = wf{z2: F@3zw}

- "+ z -
X (w) X(w)

De{:wie X: and )(.; S'fm;LOWl\y, Below we Show that
o P(X<z)=fa.
® P(x'<2)=Ffm.

® P(Xx*X)=o.

We %rs‘t Proue O . Le{- we [o,1] B)/ the Jﬁf%wﬁ.ﬁo‘n 6§ X?u))
I 2oy X®W swh that [Fezn) 2w,



By the Vi%ht Cowtu\nwt‘l'j os. F/
F(Xw) = hm F(z) > w.

h>w

So by the now-decreosing properdy of
X(w) s 2 = F(xw) SFCZ)
= ws F(2)
Tt (X<z) e [ofol
+ P(Xs2) s Fa.
On the other hard by tlw.aleF.‘m‘%o‘n of X
Z< Xw = Fo<w.
he. (¥ >2) € {w:focwsi}
Ho P ( X >2) < l-F@ Wi t&wr)lze; that
P(Xs2)=1I- P(X>2) > |- (-f®) >Fq)
Now we obtain  P( X5 2) =f(2).



Next we shouw that
P(X's 2) = fca.
leady P(X's2) < P(xXc2)=f@
Nothc tot by the defiition of X',
2< XW = Fasw
o (xtr2) € {w foews)
T P(W'>2) ¢ I-fw > P(X'<2)2fFa.
Th establishes  P( X'<2) = Fea),

Now we show that
P(x'+X) =0

Clea.rj <X‘" + X‘) = CSQ ( X ¢c< X+)

Noice thet P(¥sc«< X')

I

P(xsc) - p(Xsc)
= FC°)'F(C\=O~
1t Pllows tht Py 4% )=,



F:‘mlbl we ])roue that YYo= X as.
Fiy w. Lt 2 be e non otom of F with 2 > X+(W)‘
Then Fia)>w.  Sima b F(2= F2), wehawe

F® >w  when m s largg emuzl\.
87 d?.ffni{'w\n/ X:(w) < fov la,rse n.

Henw [im X < 2,
n>vw

Since  hon-otems are dense, we obtaln
= + T
lm < :
l'\_)\b Xn (w) X(w)
. e - . o
We can Proue Lim_ Xalw) > X(w) th G S‘W"l“' Waj Trdeed
v

let 2 be a hon-olom o? F with 2« X—(w) Then l:/ ClC‘Fl\hf'ht;n
of Xew), F®<w. Hems for large

Fn(i) < W.
It 'Fouows that 2 < Xn(w) '?oy la.\r“)e n.

So L'i‘%mw Xa(w) > 2

A'sou‘h Since vmh—a‘foms ore dehse/ W hae lli )(;(.4,) > X—(.,,,]‘
W vo

HOWeUer Sin P( X+= X-)z 1 , 't <P7“0WS that

Xo = X as. @



The below example shows that the spac PYWL(R ehdowed
wWith the wea‘t -tot)oloﬁ_\, , 13 not caml)ad:

Emml)[g 3.4 Let l»(h be the whit mass ech n. TM
o swksﬁmm G«X (Ph) Couberges ueAJ&\[j in Prob (R)
To see it, 3(4.‘)])9.)2 on ‘l:LL Cow‘}m.t*)/ that
P"g - M
For some e Prb(R). Toke Be Cy(R) Suck tht
Suﬂ) g comt)wot/ B 20, Y“R“H >0 .
Thas fk dpe, = B — o e ns e
So lin  (ndftn, # ( ndu.

kR2uo



—

let R =[% 0] endowed with #h upual ‘toroleay’ Thew [

a C"mr“c‘t metnc sl)a,&_

By the Rieca Ntme“t“h’\"‘ Thin, the duad] s‘)am C(Iﬁ)* °f C(lﬁ) s
to spacs o] oll sigued meowses The wedk? topology of C(R)" 3

metwaoble | and under this 'torolog_y the Uit ball of C(ﬂi)ali s comihad“,
and contotins Prob (R) as o closed Subsef.

TL" U-’e“k* 'toP"l"ﬁj 05’ PNB(Q) Is Exa,(,‘{'lj ﬂ\.l L;.)eok tO\Doloay.

Hena
Prob (R) s o Cﬂ“‘\m'f me{fvimux SIMQ wnder owr PVoquiLcs‘fS’
weak tot)oloféy'

( Helley - Bmy)
Pro‘g 3.6 Let (Fn) be anJ sesusna of DFs on R. Than
4 a h‘g\nt continuous mn-alecveamfx% -S?uyxd'w\h F on R Sudnthat

0¢ Fsl and 0O SuLSe,clu.muz ("nf) Sudh thet

IV\") N X) = %)
ilaoo ‘—hl-() F(
ot eUeVy Conf[‘nwf,v pol‘n‘t x o]f F
Pe. Ew] Fu cwmsl)o»ds to a un;Tu Hue Prob (R) such that
F@= Ma(-> 2]  for 2eR

But ead I.Lv. con be viewed as an elemeut th Pml,(u‘()'



Sina PVOB (&) 05 Caml)aCt” so 4 o kaseﬁu.u.hu (r\,~)
and rie Prob (R) Suth that

tn; =
let  F(z) = H(Ew,z])_ Then Fn‘s r.‘cal\t cts and "hok~deq,w“£‘

Fnh(z) > f@ o Coanu-CJ(‘J po[n{ 61_ F.
a

Remak : + The Fuud‘»bv\ F P“’[’ 3§ may wt be o DF  shae
\t n ﬂ l V o | \Vh
i may kaﬂ)e ot tm F(x) to ov x‘%uf(x)#i'

X-0

Ettu,\‘,ua,lemﬂj ) ]-Ig-oo , £00 } >0



